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Gravity gradiometry within the framework of the general theory of relativity in-
volves the measurement of the elements of the relativistic tidal matrix, which is
theoretically obtained via the projection of the spacetime curvature tensor upon
the nonrotating orthonormal tetrad frame of a geodesic observer. The behavior of
the measured components of the curvature tensor under Lorentz boosts is briefly
described in connection with the existence of certain special tidal directions. Rel-
ativistic gravity gradiometry in the exterior gravitational field of a rotating mass
is discussed and a gravitomagnetic beat effect along an inclined spherical geodesic
orbit is elucidated.
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I. NEWTONIAN GRAVITY GRADIOMETRY
Consider a distribution of matter of density ρ(t,x) and the corresponding Newtonian
gravitational potential Φ(t,x) in an inertial frame of reference. In a source-free region of
∗Electronic address: MashhoonB@missouri.edu
2space, we imagine two nearby test masses ma and mb that fall freely in the potential Φ along
trajectories xa(t) and xb(t), respectively. Choosing one of these as the reference trajectory,
we are interested in the relative motion of these test particles. With xb(t) as the fiducial
path, let us define ξ(t) = xa(t) − xb(t). Newton’s second law of motion implies that the
instantaneous deviation vector ξ(t) between the neighboring paths satisfies the tidal equation
d2ξi
dt2
+ κij ξ
j +O(|ξ|2) = 0 , (1)
where −κij ξ
j is the first-order tidal acceleration and
κij(t,x) =
∂2Φ
∂xi∂xj
(2)
is the symmetric tidal matrix evaluated along the reference trajectory. In the Newtonian
theory of gravitation, gravity gradiometry involves the measurement of κij(t,x), which is
the gradient of the acceleration of gravity and can be determined, in principle, by means of
Eq. (1).
The tidal matrix in Eq. (2) is independent of the test masses ma and mb as a consequence
of the principle of equivalence. The principle of equivalence of gravitational and inertial
masses ensures the universality of the gravitational interaction. The modern history of the
science of gravity gradiometry can be traced back to the pioneering efforts of L. Eo¨tvo¨s, who
employed a torsion-balance method to test the principle of equivalence (1889 - 1922).
In Eq. (2), Poisson’s equation for Φ, ∇2Φ = 4πGρ, reduces to Laplace’s equation, ∇2Φ =
0, in the source-free region under consideration. In this case, ∇2κij = 0 and hence each
element of the Newtonian tidal matrix is a harmonic function. Moreover, tidal matrix (2) is
traceless ; therefore, the shape of a tidally deformed test body would generally tend to either
a cigar-like or a pancake-like configuration when tides are dominant, since the symmetric
and traceless tidal matrix can in general have either two positive and one negative or one
positive and two negative eigenvalues, respectively.
In recent years, gravity gradiometers of high sensitivity have been developed; indeed,
the Paik gravity gradiometer employs superconducting quantum interference devices [1–3].
Furthermore, gravity gradients can now be measured via atom interferometry as well [4, 5].
Gravity gradiometry has many important practical applications.The magnitude of a gravity
gradient is usually expressed in units of Eo¨tvo¨s, 1 E = 10−9 s−2.
To extend the treatment of gravity gradiometry to the relativistic domain, it is necessary
to introduce the quasi-inertial Fermi normal coordinate system that can provide a physically
3meaningful interpretation of the measurement of relative motion within the framework of
general relativity (GR). In GR, masses ma and mb follow geodesics and a hypothetical
observer comoving with the fiducial test mass mb would set up in the neighborhood of the
reference trajectory a laboratory where the motion of ma could be monitored. Such a quasi-
inertial frame is represented by the Fermi normal coordinate system [6–8]. In our treatment
of Fermi coordinates in the next section, we employ an extended framework [9–12], since in
practice nongravitational accelerations and rotations may be present.
II. FERMI COORDINATES
To develop the relativistic analogs of Eqs. (1) and (2), we consider a congruence of
future-directed timelike paths representing the world lines of test masses in a gravitational
field. Next, we choose a reference path in the congruence and establish a local quasi-inertial
Fermi system of geodesic coordinates in its neighborhood. This is necessary in order to
provide a physically meaningful interpretation of the measurement of relative motion from
the standpoint of the observer comoving with the reference test mass along the fiducial
world line x¯µ(τ). The observer has proper time τ and carries an orthonormal tetrad frame
λµαˆ(τ) along x¯
µ; that is, gµν λ
µ
αˆ λ
ν
βˆ = ηαˆβˆ, where gµν is the spacetime metric and ηαˆβˆ is the
Minkowski metric given by diag(−1, 1, 1, 1) in our convention. Here, λµ0ˆ(τ) = dx¯
µ/dτ is the
observer’s temporal axis and its local frame is carried along its path according to
Dλµαˆ
dτ
= φαˆ
βˆ λµβˆ , (3)
where φαˆβˆ is the observer’s antisymmetric acceleration tensor. Greek indices run from 0 to
3, while Latin indices run from 1 to 3. The signature of the spacetime metric is +2 and
units are chosen such that c = G = 1, unless specified otherwise.
In close analogy with the electromagnetic field tensor, we can decompose the acceleration
tensor into its “electric” and “magnetic” components, namely, φαˆβˆ → (−A,Ω), where A(τ)
is a spacetime scalar that represents the translational acceleration of the fiducial observer
and Ω(τ) is a spacetime scalar that represents its rotational acceleration. More precisely,
the reference observer in general follows an accelerated world line with
d2x¯µ
dτ 2
+ Γµνσ
dx¯ν
dτ
dx¯σ
dτ
= Aµ , (4)
4where
Aµ = Aiˆ λµiˆ (5)
and Ω is the angular velocity of the rotation of the observer’s spatial frame with respect to
a locally nonrotating (i.e. Fermi-Walker transported) frame.
At each event x¯µ(τ) along the reference world line, we imagine all spacelike geodesic
curves that start out from this event and are normal to the reference world line. These
generate a local hypersurface. Let xµ be an event on this hypersurface sufficiently close to
the reference world line such that there is a unique spacelike geodesic of proper length σ
that connects x¯µ(τ) to xµ. We define ξµ to be a unit spacelike vector that is tangent to the
unique spacelike geodesic at x¯µ(τ), so that ξµ(τ) λ
µ
0ˆ(τ) = 0. Then, to event x
µ one assigns
Fermi coordinates X µˆ, where
X 0ˆ := τ , X iˆ := σ ξµ(τ) λµ
iˆ(τ) . (6)
The reference observer has Fermi coordinates X µˆ = (τ, 0, 0, 0) and is thus permanently fixed
at the spatial origin of the Fermi coordinate system. Henceforth, we find it convenient
to express Fermi coordinates as X µˆ = (T,X), where |X| = σ. When σ 6= 0, X iˆ/σ =
ξµ(τ) λµ
iˆ(τ), for i = 1, 2, 3, are the corresponding direction cosines at proper time τ along
x¯µ.
The Fermi coordinate system is admissible in a cylindrical domain along x¯µ of radius
|X| ∼ R, where R is a certain minimal radius of curvature of spacetime along the reference
world line.
The spacetime metric in Fermi coordinates is given by
ds2 = gµˆνˆ(T,X) dX
µˆ dX νˆ , (7)
where
g0ˆ0ˆ = −P
2 +Q2 −R0ˆiˆ0ˆjˆ X
iˆX jˆ +O(|X|3) , (8)
g0ˆˆi = Qiˆ −
2
3
R0ˆjˆ iˆkˆX
jˆ X kˆ +O(|X|3) , (9)
giˆjˆ = δiˆjˆ −
1
3
RiˆkˆjˆlˆX
kˆX lˆ +O(|X|3) . (10)
Here, P and Q,
P := 1 +A(T ) ·X , Q := Ω(T )×X , (11)
5are related to the local translational and rotational accelerations of the reference observer,
respectively, and
Rαˆβˆγˆδˆ(T ) := Rµνρσ λ
µ
αˆ λ
ν
βˆ λ
ρ
γˆ λ
σ
δˆ (12)
is the projection of the Riemann curvature tensor along x¯µ on the tetrad frame of the
reference observer.
Fermi coordinates are invariantly defined and can have advantages over other physically
motivated coordinate systems such as radar coordinates [13]; therefore, they have been
applied in many different contexts. For instance, Fermi coordinates have been employed to
elucidate dynamics of astrophysical jets [14–18].
III. RELATIVISTIC GRAVITY GRADIOMETRY
In Einstein’s GR, gravity gradiometry involves the measurement of the gravitational field,
which is represented by the Riemannian curvature of spacetime. When an observer measures
a gravitational field, the curvature tensor must be projected onto the tetrad frame of the
observer.
It is now straightforward to express the equation of motion of any other test mass in the
Fermi coordinate system and study the motion of the test mass relative to the fiducial test
mass that follows world line x¯µ. This general framework is necessary in practice, since the
motion of the reference test mass may involve translational and rotational accelerations of
nongravitational origin. These are absent, however, in the ideal case of purely tidal relative
motion. To illustrate this ideal situation, let us assume that φαˆβˆ = 0, so that the reference
path x¯µ is a timelike geodesic and the orthonormal tetrad frame is parallel transported along
the fiducial geodesic world line, i.e. Dλµαˆ/dτ = 0. The geodesic equation of motion of a
free test particle in the corresponding Fermi coordinates relative to the reference test mass
that is fixed at the spatial origin of Fermi coordinates can be expressed in terms of relative
separation X as
d2X iˆ
dT 2
+ R0ˆiˆ0ˆjˆX
jˆ + 2Riˆkˆjˆ0ˆV
kˆX jˆ
+
2
3
(
3R0ˆkˆjˆ0ˆV
iˆV kˆ +RiˆkˆjˆlˆV
kˆV lˆ +R0ˆkˆjˆlˆV
iˆV kˆV lˆ
)
X jˆ + O(|X|2) = 0 . (13)
This geodesic deviation equation is a generalized Jacobi equation [10] in which the rate of
geodesic separation (i.e. the relative velocity of the test particle) V = dX/dT is in general
6arbitrary; however, |V| < 1 at X = 0. It is clear from Eq. (13) that all of the curvature
components in Eq. (12) can be measured from a careful study of the motion of the test
masses in the congruence relative to the fiducial observer. Neglecting terms in the relative
velocity V, Eq. (13) reduces to the Jacobi equation,
d2X iˆ
dT 2
+Kiˆ jˆX
jˆ +O(|X|2) = 0 , (14)
which is the relativistic analog of the Newtonian tidal equation given by Eq. (1), and
Kiˆjˆ = R0ˆiˆ0ˆjˆ . (15)
This symmetric relativistic tidal matrix is traceless in Ricci-flat regions of spacetime and
reduces in the nonrelativistic limit to the Newtonian tidal matrix (2).
The relativistic tidal matrix is thus determined by the projection of the Riemann cur-
vature tensor upon the parallel-transported tetrad frame of the fiducial geodesic observer.
The local spatial frame of the fiducial observer is unique up to a constant spatial rotation
corresponding to the choice of the initial orthonormal triad in Eq. (3). The freedom in the
choice of the initial local triad implies that the form of the tidal matrix is unique up to a
constant spatial rotation.
The Jacobi equation can be used to study the influence of a gravitational field on the
relative motion of nearby test masses in general relativity [19–22]. Einstein’s field equations
locally relate the energy-momentum tensor of matter to the Ricci tensor. At any event in
spacetime, the Riemann curvature tensor can be decomposed into a matter part and a part
that is independent of matter; that is,
Rµνρσ = Cµνρσ + gµ[ρRσ]ν − gν[ρRσ]µ −
1
6
(gµρ gνσ − gµσ gνρ)R , (16)
where Cµνρσ is the traceless Weyl curvature tensor that represents the “free” gravitational
field. At any point on the manifold, the Riemann tensor has in general 20 independent
components, whereas the Ricci tensor has 10 independent components. Beyond any point
on the spacetime manifold, the two parts of the curvature tensor are connected to each
other via the Bianchi identity Rµν[ρσ;δ] = 0. Introducing decomposition (16) into the Jacobi
equation and employing a canonical null tetrad frame, Szekeres has shown via the Petrov
classification that the behavior of the free part of the gravitational field can be described in
terms of the superposition of a transverse wave component, a longitudinal component and
7a Coulomb component [20]. The matter part has been treated in [22]. Some of the basic
astrophysical applications of Eq. (14) have been studied in [9, 23, 24].
The Gravity Probe B (“GP-B”) experiment has recently measured the exterior gravito-
magnetic field of the Earth [25]. The gravitomagnetic field of a rotating mass contributes
to the spacetime curvature and can thus influence the relative tidal motion of nearby test
masses. In 1980, Braginsky and Polnarev [26] proposed an experiment to measure such an ef-
fect in a space platform in orbit around the Earth, since they claimed that such an approach
could circumvent many of the difficulties associated with the GP-B experiment. However, in
1982, Mashhoon and Theiss [27] showed that to measure the relativistic rotation-dependent
tidal acceleration in a space platform, the local gyroscopes that would fix the local spatial
frame carried by the space platform must satisfy the same performance criteria as in the
GP-B experiment.
The achievements of the GP-B could possibly be integrated with Paik’s superconducting
gravity gradiometer [28] in future space experiments in order to measure the tidal influence of
the gravitomagnetic field using an orbiting platform [29, 30]. We will consider the prediction
of GR for the nature of the tidal matrix in such experiments in Section V.
IV. SPECIAL TIDAL DIRECTIONS
Let us return to the main focus of relativistic gravity gradiometry, namely, the determina-
tion of the Riemann curvature tensor projected on the tetrad frame of the fiducial observer
as in Eq. (12). Taking advantage of the symmetries of the Riemann tensor, this quantity
can be represented by a 6× 6 matrix R = (RIJ), where the indices I and J range over the
set (01, 02, 03, 23, 31, 12). Thus we can write
R =

 E B
B† S

 , (17)
where E and S are symmetric 3×3 matrices and B is traceless. The tidal matrix E represents
the “electric” components of the curvature tensor as measured by the fiducial observer,
whereas B and S represent its “magnetic” and “spatial” components, respectively. Imagine
next an observer that is boosted with speed β in a given direction with respect to the
fiducial observer at the same event in spacetime. Let R′ be the Riemann curvature tensor
as measured by the boosted observer. It turns out that under the boost the elements of
8E , B and S in the direction parallel to the direction of the boost are not affected, whereas
those perpendicular to the direction of the boost are enhanced by γ2, where γ = (1−β2)−1/2
is the Lorentz factor; moreover, the mixed elements are enhanced by a factor of γ. This
circumstance is reminiscent of the behavior of the electromagnetic field under a boost: The
components of the electric field (E) and magnetic field (B) parallel to the direction of the
boost remain the same as before, while those perpendicular to the direction of the boost are
enhanced by a factor of γ.
In this way the strength of the gravitational field can be augmented by a factor of γ2;
alternatively, one can say that the radius of curvature of spacetime measured by the boosted
observer is Lorentz contracted [31, 32]. In Ricci-flat regions of spacetime, Eq. (17) simpli-
fies, since S = −E , E is traceless and B is symmetric. Hence, the Weyl curvature tensor
with 10 independent components is completely determined by its “electric” and “magnetic”
components that are symmetric and traceless 3× 3 matrices.
These results imply that a gravity gradiometer would in general measure extremely strong
tidal forces when it moves very fast (β → 1). However, along certain exceptional directions
in space, such as the radial direction in the exterior Schwarzschild spacetime, tidal forces
remain finite as β → 1 [31, 32]. Along such a special tidal direction, the corresponding world
line of the boosted observer approaches a null direction in the local null cone as β → 1.
In this way, special tidal directions are associated with certain tidally nondestructive null
directions in spacetime. The significance of these null directions can be further elucidated
via the invariant Petrov classification of gravitational fields.
The Petrov classification involves the Weyl curvature tensor and provides an invariant
characterization of a gravitational field. This can be accomplished, for instance, in terms of
the principal null directions of the Weyl tensor. A vector k, kα k
α = 0, which satisfies the
condition
k[αCµ]νρ[σ kβ] k
ν kρ = 0 (18)
is a principal null direction of the Weyl tensor. In a gravitational field, at least one and at
most four such null vectors exist at each event in spacetime [33, 34].
The basic mathematical connection between the special tidal directions and the principal
null directions of the Weyl tensor has been established by Beem and Parker [35] and Hall
and Hossack [36]. It turns out that in general a nondestructive null direction at a point p
in spacetime is a principal null direction of the Weyl tensor at p; moreover, it is a repeated
9principal null direction of the Weyl tensor at p if and only if it is a Ricci eigendirection at
p. A vector Nµ is a Ricci eigendirection at p if
Rµν N
ν = σ Nµ (19)
for a real number σ at p. This means that in a Ricci-flat spacetime, or more generally when
Rµν = Λ gµν (20)
for a real number Λ, a special tidal direction at p corresponds to a repeated principal null
direction of the Weyl tensor at p. A vector Nµ is a repeated principal null vector of the
Weyl tensor at p if NαN
α = 0 and
Cµνρσ N
ν Nσ = λNµNρ (21)
at p for a real number λ. There are at least zero and at most two such directions at each
event in Ricci-flat spacetimes.
Let us assume that the Weyl tensor vanishes at p, then a nondestructive null direction at
p exists if and only if it is a Ricci eigendirection at p. In this case, one can have 0, 1, 2 or ∞
nondestructive null directions at p [36]. For instance, there are no special tidal directions in
any of the standard Friedmann-Lemaˆıtre-Robertson-Walker cosmological models. However,
every direction is a special tidal direction in a spacetime of constant nonzero curvature,
namely, de Sitter (or anti-de Sitter) universe.
The behavior of the measured components of the Riemann curvature tensor under boosts
along special tidal directions can be determined based on the results given in Ref. [32]. Let
us consider, in particular, the Kerr gravitational field, which is of type D in the Petrov
classification. The Weyl tensor at each point in this spacetime has two repeated principal
null directions; therefore, there are two special tidal directions at each event. For example,
along the axis of rotation, the outgoing and ingoing radial directions are the special tidal
directions, see Ref. [14] for an extended treatment. In general, along the special tidal
directions in Kerr spacetime, the curvature remains invariant under boosts (R′ = R); in
fact, the “electric” and “magnetic” components of the curvature can be made “parallel”
such that the super-Poynting vector
Piˆ = −ǫˆijˆkˆ (EB)jˆkˆ (22)
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vanishes. An analogous situation is encountered in the case of the electromagnetic field in
an inertial frame in Minkowski spacetime. If the electromagnetic field is not null, so that
the invariants E2 − B2 and E ·B do not simultaneously vanish, then a boost with velocity
v along the Poynting vector, i.e.
v
1 + v2
=
E×B
E2 +B2
, (23)
renders the electric and magnetic fields parallel in the boosted frame. In the new inertial
frame, the Poynting vector vanishes and any boost along the common direction of the fields
leaves them invariant. The analogy between the electromagnetic field and algebraically
special gravitational fields of types D and N has been treated in Ref. [32].
V. TIDAL MATRIX AROUND A ROTATING MASS
To get some idea regarding the form of the relativistic tidal matrix, it is instructive to
consider first the tidal field along stable circular orbits in the equatorial plane of the Kerr
spacetime. The exterior Kerr metric can be expressed as [37]
ds2 = −dt2 +
Σ
∆
dr2 + Σ dθ2 + (r2 + a2) sin2 θ dϕ2 +
2Mr
Σ
(dt− a sin2 θ dϕ)2 , (24)
where M is the mass of the gravitational source, a = J/M is the specific angular momentum
of the source, (t, r, θ, ϕ) are the standard Boyer-Lindquist coordinates and
Σ = r2 + a2 cos2 θ , ∆ = r2 − 2Mr + a2 . (25)
The Kerr metric contains dimensionless gravitoelectric and gravitomagnetic potentials U =
GM/(c2r) and V = GJ/(c3 r2), which correspond to the mass and angular momentum of
the source, respectively. For instance, in the case of the Earth, we have U⊕ ≈ 6× 10
−10 and
V⊕ ≈ 4× 10
−16.
We are interested in the tidal matrix along the circular equatorial trajectory of a fiducial
test mass that follows a future-directed timelike geodesic world line about the Kerr source.
The circular orbit has a fixed radial coordinate r0 and orbital frequency [37]
dϕ
dτ
=
ω0
(1− 3M
r0
+ 2aω0)1/2
, (26)
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where the Keplerian frequency ω0 is given by
ω20 =
M
r30
. (27)
The circular geodesic orbit is such that at proper time τ = 0, the azimuthal coordinate
vanishes (i.e. ϕ = 0). Moreover, at this event, the initial directions of the orthonormal triad
λµiˆ, i = 1, 2, 3, point along the spherical polar coordinate directions. The spatial triad then
undergoes parallel propagation along the circular orbit. The resulting radial and tangential
components of the spatial frame, namely, λµ1ˆ and λ
µ
3ˆ, respectively, turn out to be periodic
in τ with period 2π/ω0. The difference between the orbital frequency (26) and the Keplerian
frequency ω0 leads to a combination of prograde geodetic and retrograde gravitomagnetic
precessions of these frame components with respect to static inertial observers at spatial
infinity in the asymptotically flat Kerr spacetime [38].
The tidal matrix is obtained as a certain symmetric and traceless projection of the Rie-
mann curvature tensor evaluated along the orbit. The nonzero components of the tidal
matrix consist of constant terms proportional to ω20 plus terms that are periodic in τ with
frequency 2ω0 and can be expressed as [38]
K1ˆ1ˆ = ω
2
0 [1− 3γ
2
0 cos
2(ω0τ)] , (28)
K1ˆ3ˆ = K3ˆ1ˆ = −
3
2
ω20γ
2
0 sin(2ω0τ) , (29)
K2ˆ2ˆ = ω
2
0 (3γ
2
0 − 2) , (30)
K3ˆ3ˆ = ω
2
0 [1− 3γ
2
0 sin
2(ω0τ)] , (31)
where γ0 is given by
γ0 =
(
r20 − 2Mr0 + a
2
r20 − 3Mr0 + 2r
2
0aω0
)1/2
. (32)
More generally, the tidal matrix for arbitrary timelike geodesics of Kerr spacetime has been
calculated by Marck [39].
Let us next consider the tidal field along a tilted spherical orbit of fixed radial coordinate
r0 about a slowly rotating spherical mass. The exterior gravitational field is represented
by the Kerr metric linearized in the angular momentum parameter a or, equivalently, the
Schwarzschild metric plus the Thirring-Lense term. The symmetric and traceless tidal ma-
12
trix can be obtained from [38]
K1ˆ1ˆ = ω
2
0 [1− 3 Γ
2 cos2(ω0τ)] ,
K1ˆ2ˆ = K2ˆ1ˆ = ω
2
0 Ξ cos(ω0τ) ,
K1ˆ3ˆ = K3ˆ1ˆ = −
3
2
ω20 Γ
2 sin(2ω0τ) ,
K2ˆ2ˆ = ω
2
0 (3 Γ
2 − 2) ,
K2ˆ3ˆ = K3ˆ2ˆ = ω
2
0 Ξ sin(ω0τ) ,
K3ˆ3ˆ = ω
2
0 [1− 3 Γ
2 sin2(ω0τ)] , (33)
where Γ and Ξ are given by
Γ :=
(
1− 2M
r0
1− 3M
r0
)1/2 (
1−
aω0 cosα
1− 3M
r0
)
(34)
and
Ξ := −3
J
M r20 ω0
(
1− 2M
r0
)1/2
(1 + 2M
r0
)
1− 3M
r0
sinα sin η . (35)
Here, the angle α denotes the inclination of the orbit with respect to the equatorial plane
and η,
η := ωτ + η0 , ω =
ω0
(1− 3M
r0
)1/2
, (36)
is the angular position of the reference test mass in the orbital plane measured from the
line of the ascending node and η0 is a constant angle. For α = 0, the spherical orbit under
consideration turns into the circular equatorial orbit, Ξ = 0, Γ reduces at the linear order
in a to γ0 and the tidal matrix agrees to first order in a with our previous results for the
equatorial circular orbit in Kerr spacetime.
VI. BEAT EFFECT
The off-diagonal terms K1ˆ2ˆ = K2ˆ1ˆ and K2ˆ3ˆ = K3ˆ2ˆ in the tidal matrix (33) represent the
beat phenomenon first pointed out in Ref. [27]. The beat effect involves frequencies ω and ω0
with a beat frequency ωF := ω − ω0. This is the frequency of the gravitoelectric (geodetic)
Fokker precession of an ideal test gyro following a circular orbit about a spherical mass M .
The tidal terms under consideration here that involve Ξ have dominant amplitudes that are
proportional to the angular momentum J and are independent of the speed of light c.
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In the work of Mashhoon and Theiss [27, 40–43], the resonance effect involving ω and ω0
appeared in the calculation of the parallel-transported frame along the tilted spherical orbit
about a rotating mass. It resulted in a small divisor phenomenon involving ωF . For a near-
Earth orbit, the Fokker period 2π/ωF is about 10
5 years; therefore, in practice the Mashhoon-
Theiss effect shows up as a secular term in the corresponding off-diagonal elements of the
tidal matrix with amplitude
9
2
GJ
c2 r30
ω20 τ sinα , (37)
which is consistent with the first post-Newtonian gravitomagnetic precession of the spa-
tial frame [43, 44]. The possibility of measuring the Mashhoon-Theiss effect via neutron
interferometry [45] has been discussed by Anandan [46].
In the first post-Newtonian approximation, the motion of an ideal test gyro of spin S in
orbit about a central rotating mass can be written as [25]
dS
dτ
= (ωge + ωgm)× S , (38)
where
ωge =
3
2
GM
c2 r3
ℓ , ωgm =
G
c2 r5
[3 (J · x)x− J r2] , (39)
|x| = r and ℓ = x× v is the specific angular momentum of the gyro orbit. Here, ωge is the
(gravitoelectric) geodetic precession frequency of the gyroscope, while ωgm is its gravitomag-
netic precession frequency. For the Earth, these precession frequencies have been directly
measured via GP-B [25], which involved four superconducting gyroscopes and a telescope
that were launched on 20 April 2004 into a polar Earth orbit of radius 642 km aboard a
drag-free satellite.
During a satellite gradiometry experiment over a period of time τ , we expect that the
spatial frame of the gradiometer would accumulate geodetic and gravitomagnetic precession
angles of order GM ω0τ/(c
2 r0) and GJ τ/(c
2 r30), respectively. From the comparison of these
angles with Eq. (37), it is clear that only the post-Newtonian gravitomagnetic secular term
survives in the calculation of the projection of the Riemann tensor onto the tetrad frame
of the gradiometer for the case of the tilted spherical orbit. A recent detailed discussion
of the beat effect is contained in Ref. [38], which should be consulted for a more complete
treatment of relativistic gravity gradiometry in Kerr spacetime.
The results presented in the last two sections may be considered surprising and contrary to
expectations. That is, it may appear on the basis of Eq. (15) that the main post-Newtonian
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terms in (Kiˆjˆ) can be obtained intuitively by combining Newtonian tides with the post-
Newtonian motion of the spatial frame of the fiducial observer. However, in practice the
projection of the Riemann tensor onto the frame of the fiducial observer involves detailed
calculations in which the symmetries of the Riemann tensor need to be carefully taken into
account.
Finally, the results presented here can be used to find the main relativistic effects in the
motion of the Moon. Consider the nearly circular orbit of the Earth-Moon system about
the Sun. In the Fermi normal coordinate system established along this orbit, the solar tidal
acceleration −Kiˆjˆ X
jˆ is a small perturbation on the dynamics of the Earth-Moon system.
Here Kiˆjˆ is essentially given by Eq. (33) and we recall that the ecliptic has a small inclination
of α ≈ 0.1 with respect to the equatorial plane of the Sun. In this way, the main relativistic
tidal effects in the motion of the Moon relative to the Earth caused by the gravitational
field of the Sun have been determined [47–49].
VII. POST-SCHWARZSCHILD APPROXIMATION
The exterior vacuum field of a spherically symmetry mass can be uniquely described by
the Schwarzschild spacetime. Small deviations from spherical symmetry can then be treated
in the post-Schwarzschild approximation scheme. This method was employed by Mashhoon
and Theiss in their investigation of the relativistic tidal matrix for a gradiometer in orbit
about a rotating mass [27, 40–43]. Thus in the first post-Schwarzschild approximation, the
angular momentum of the central body is considered to first order while its mass is taken
into account to all orders. The post-Schwarzschild method can be extended to include the
quadrupole and higher moments of the central body. Indeed, the effect of oblateness, treated
as a first-order static deformation of the source, has been investigated by Dietmar Theiss
for a gravity gradiometer on a circular geodesic orbit of small inclination about a central
oblate body [41, 50].
VIII. DISCUSSION
Gravity gradiometry in GR involves the measurement of a certain projection of the Rie-
mannian curvature tensor of spacetime upon the orthonormal tetrad frame of an observer.
15
In a satellite gravity gradiometry experiment in Earth orbit, the mass M⊕, angular momen-
tum J⊕, quadrupole moment Q⊕ and higher moments of the Earth will all contribute to the
result of the experiment. For an inclined spherical geodesic orbit about a slowly rotating
mass, Eq. (33) gives the relativistic tidal matrix to all orders in the mass of the source M
and to linear order in its angular momentum J . The result contains the beat phenomenon
first pointed out by Mashhoon and Theiss [27, 40–43]. The corresponding influence of the
quadrupole moment of the source has been studied by Theiss [41, 50].
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